Systematic results of collisions between discrete spatiotemporal dissipative Ginzburg-Landau solitons in two-dimensional photonic lattices are reported. The generic outcomes are identified for (i) the collision of two identical solitons located in the corner, at the edge, and in the center of the photonic lattice, and for (ii) the collision of two non-identical corner and edge solitons located at different distances from the boundaries of the photonic lattice. Depending on the values of the kick (collision momentum) and of the nonlinear (cubic) gain, the collision scenarios include soliton merging, creation of an extra soliton, soliton bouncing, soliton spreading, and quasi-elastic (symmetric) interactions. 05.45.Yv, 42.65.Tg, 42.65.Sf, 47.20 
Introduction
In the 1980s a great deal of interest arose in nonlinear optical surface waves guided by single and multiple interfaces separating different media [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . These electromagnetic surface waves are a purely nonlinear phenomenon with no counterpart in the linear limit; they exist only if the mode power exceeds a certain threshold. Nonlinear transverse-electric, transverse-magnetic, and mixed polarization surface waves traveling along single and multiple dielectric interfaces were theoretically predicted and systematically analyzed more than two decades ago; see Refs. [12] and [13] for two comprehensive reviews of these studies. However, direct observation of these nonlinear optical surface waves has been hindered by huge experimental difficulties related to their proper excitation and the high power thresholds required for their formation.
Recently, interest in nonlinear self-trapped optical surface waves has been renewed after the theoretical prediction [14, 15] and subsequent experimental demonstration [16, 17] of nonlinearity-induced light localization near the edge of a truncated one-dimensional nonlinear waveg-uide array that can lead to the formation of the so-called discrete surface soliton. The generation of discrete surface solitons can be understood with the help of simple physics [18] as a trapping of the optical field [19] near the repulsive edge of the lattice when the beam power exceeds some threshold value. These surface solitons become possible solely due to discreteness effects and they exist in neither continuous nor linear limits. Some of the specific features of such discrete surface optical solitons in other relevant physical settings have been recently investigated both theoretically [20] [21] [22] [23] [24] [25] [26] [27] and experimentally [28] [29] [30] [31] (see also Ref. [32] [33] [34] for recent comprehensive overviews of experimental and theoretical developments in the area of discrete optical solitons).
The concept of surface solitons has been recently extended to cover spatiotemporal surface solitons [35, 36] described by the continuous-discrete nonlinear equations similar to those investigated earlier for cubic [37] [38] [39] [40] and quadratic [41] nonlinear optical media, but with the properties strongly affected by the presence of the surface in the form of the lattice truncation.
One of the important questions remains how the presence of gain and loss, due to optical amplifiers and saturable absorbers, in periodic photonic structures such as onedimensional waveguide arrays or two-dimensional photonic lattices would affect the properties of discrete surface solitons. It is well known that discrete dissipative solitons are possible in both one-and two-dimensional photonic lattices [42] [43] [44] [45] and, as a result of discreteness, the dissipative systems exhibit novel features that have no counterpart in either the continuous limit or in other conservative discrete models.
Following our earlier studies [35, 36] , we recently considered both (2+1)-dimensional [46] and (3+1)-dimensional [47] continuous-discrete spatiotemporal models described by the complex Ginzburg-Landau (GL) equation. Thus the presence of gain and loss due to optical amplifiers and saturable absorbers in truncated periodic photonic structures has been investigated and dissipative surface light bullets were introduced [46, 47] . Similar to other types of discrete dissipative solitons in both oneand two-dimensional lattices [42] [43] [44] [45] , the dissipative surface light bullets exhibit novel features that, as a result of both discreteness and gain (loss) effects, have no counterpart in either the continuous limit or in other conservative discrete models for both cubic and quadratic nonlinear media [48] [49] [50] [51] [52] [53] [54] [55] .
The GL equation is a ubiquitous model in many physical problems [56] , and in different forms it appears as the simplest model for describing dissipative solitons [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] , clusters of localized states rotating around a central vortex core [77] , and laser patterns in cavities [78, 79] . In appli- cation to waveguide arrays, a periodic index modulation can be modeled by a discrete GL equation that describes the presence of gain and loss due to optical amplifiers and saturable absorbers [42] . As mentioned above we recently studied the unique properties of spatiotemporal surface GL solitons located near the edge of a one-dimensional array of optical waveguides in the presence of gain and loss [46] , and in the corner, at the edges, and in the center of a two-dimensional photonic lattice [47] . We found the domains of existence and stability of such solitons in the relevant parameter space for both on-site and intersite spatiotemporal dissipative solitons and for the states localized at different distances from the surface. Once stable dissipative discrete spatiotemporal optical solitons are available, a problem of great interest is to consider collisions between them. It is the aim of this paper to investigate the outcomes of collisions between discrete spatiotemporal Ginzburg-Landau solitons in two-dimensional photonic lattices. The rest of this paper is organized as follows. The model equation and setting for the analysis are formulated in Sec. 2, and the collision outcomes are reported in Sec. 3.
Discrete dissipative spatiotemporal solitons in two-dimensional photonic lattices
We consider light propagation in a square photonic lattice created by lossless weakly coupled arrays of identi- cal evenly spaced two-dimensional homogeneous waveguides. We work in the framework of the standard coupledmode approach. In the discrete model, the electric field is decomposed into modes of identical waveguides with the mode profile e( ω 0 ) and the normalized (with respect to the coupling constant) propagation constant at the center frequency of the pulse ω 0 as 
Here the propagation distance is normalized with respect to the coupling constant in both horizontal and vertical directions, and is the time normalized with respect to the ratio of group velocity dispersion and coupling constant.
In the coupled-mode theory, only the amplitude E of the electric field in the site ( ) is considered to evolve during propagation while the mode profile is assumed to remain constant. Therefore, the slowly varying normalized envelope E obeys a set of coupled partial differential equations describing the spatiotemporal dynamics of light in a two-dimensional photonic lattice in the presence of gain and loss,
where
Here are the integer lattice indices and we define the lattice couplings as: V E = E +1 + E −1 , for every integer lattice index , respectively, V E = E +1 + E −1 , for every integer lattice index .
In Eqs. (2) and (3) the real parameter δ > 0 stands for linear losses. Other coefficients of the discrete GinzburgLandau equation (2) are assumed, in general, to be complex, and they are defined as follows [46] :D = D/2 − γ, α = α + α , = σ − ε, and = ν + µ. We scale the real part ofD to 1/2, i.e., we consider anomalous group-velocity dispersion (GVD) (D = +1), and scale the self-focusing Kerr nonlinearity coefficient to σ = +1. The imaginary part γ of the complex coefficientD accounts for the spectral filtering, i.e., dispersion of the linear loss. The real part α of the complex coefficient α is normalized to 1/2; it accounts for tunneling between the adjacent waveguides, while the imaginary part α of the coefficient α stands for gain (losses) introduced by coupling. Here ε > 0 is the nonlinear (cubic) gain, µ > 0 is the nonlinear (quintic) loss, while ν ≤ 0 accounts for the self-defocusing quintic correction to the cubic (Kerr) nonlinearity (saturation of the optical nonlinearity). For the numerical calculations we fix, for simplicity, some of the parameters of the above GL model as follows: γ = 0, α = 0, ν = −0 1, δ = 2, µ = 1 and vary the nonlinear (cubic) gain ε. For the case of the self-focusing nonlinearity and anomalous GVD, we show in Figs. 1-4 typical examples of stable on-site centered (odd) nonlinear spatiotemporal continuous-discrete dissipative localized states, that can be termed 'dissipative discrete light bullets' [80, 81] . In Fig. 1 we show the spatial field profiles of discrete spatiotemporal surface Ginzburg-Landau solitons localized in the corner [the (0 0) site] (left column in Fig. 1 ) and at the edge [the (20 0) site] (right column in Fig. 1 ) of the twodimensional photonic lattice. The spatial cross-sections of the (1 1) corner solitons and the (20 1) edge solitons are illustrated in Fig. 2 for the same values of the parameters as in Fig. 1 . Typical spatial profiles of on-site discrete spatiotemporal solitons localized in the center of the photonic lattice are shown in Fig. 3 . These discrete dissipative surface light bullets [46] are a generalization to dissipative dynamical systems of the spatiotemporal surface solitons recently predicted to exist in conservative (Hamiltonian) discrete dynamical systems [35, 36, 82, 83] . Typical temporal cross sections of stable spatiotemporal discrete solitons localized in the corner, and in the center of the lattice are shown in Fig. 4 for µ = 1 and ε = 3 7. The corresponding numerical values of the peak amplitudes are 1.857 for the (0 0) corner soliton and 1.821 for the (20 20) center soliton. The temporal shape of the (20 0) edge soliton, which is not shown in Fig. 4 , is very similar to those of the corner and center solitons; the peak amplitude of the edge soliton has the value 1.840, which is between those of the corner and center solitons.
Collisions outcomes
Once stable discrete spatiotemporal solitons are available, a problem of great interest is to consider collisions between them. In this work, we aim to investigate this issue in the framework of the nonlinear coupled continuousdiscrete evolution equations (1) focusing on finding the generic outcomes of collisions between discrete light bullets located in the corner, at the edge and in the center of the photonic lattice. Thus to study generic outcomes of collisions between discrete surface light bullets, one should take a pair of stable solitons with typical shapes shown in Figs. 1-4 , separated by a large temporal distance 2 − 1 = T . We solve Eqs. (1) with the initial condition (at = 0) corresponding to colli- sions between two stable surface solitons:
, where χ is the kick parameter. Below we consider collisions between discrete light bullets for various values of the kick parameter χ (the normalized transverse velocity). We take the initial temporal separation T = 40 between the two solitons and we employ a Crank-Nicholson finitedifference numerical scheme, with typical transverse and longitudinal stepsizes ∆ = 0 05 and ∆ = 0 005. The resulting nonlinear finite-difference equations were solved using the Picard iteration method [84] , and the ensuing linear system was then dealt using the Gauss-Seidel elimination procedure. To achieve good convergence, ten Picard and four to six Gauss-Seidel iterations were needed.
Collisions between two identical corner, edge and center solitons
Next we report results of systematic simulations of collisions between two identical dissipative discrete spa- The merger of the two colliding solitons into a single one, a promising effect for potential applications has been reported before in other physical settings: (i) the study of solitons in saturable materials with a linear and quadratic intensity depending refraction index change [85] , (ii) the study of dynamics and collisions of moving solitons in the standard model of fiber gratings [86] and in Bragg gratings with dispersive reflectivity [87] , (iii) the study of collisions of both nonspinning and spinning three-dimensional GL dissipative solitons [88] , and in the study of collisions between discrete surface light bullets in nondissipative two-dimensional photonic lattices [89] . We mention also that the process of interaction between two stable (3+1)-dimensional dissipative solitons (dissipative light bullets), separated either in time or in space [90, 91] , revealed the importance of the input phase difference between them. By controlling this key collision parameter, soliton merging (fusion), erasure of one of the colliding solitons, and the formation of double light bullet complexes (light bullet "molecules") were put forward [90, 91] .
The transformation of two colliding solitons into three, one quiescent and two moving, has also been reported in collisions of solitons in media with saturable nonlinearity [85] , collisions of two one-dimensional dissipative spatial solitons in periodically patterned semiconductor amplifiers [92] , collisions of coaxial three-dimensional spatiotemporal dissipative GL solitons [88] , and collisions of moving solitons in Bragg gratings with dispersive reflectivity [87] .
Collisions between non-identical solitons
Next we consider the collision outputs when two nonidentical colliding solitons are located at different sites of the photonic lattice. Specifically, we will consider in detail the collisions between (0 0) and (1 1 Finally it is worthy to point out that switching between different collision scenarios might be explained through the existence of separatrix multisoliton bound states that have been described for nondissipative [93] [94] [95] as well as for dissipative systems [96, 97] . However the study of this possibility is left for a separate work.
Conclusions
We have performed a systematic analysis of collisions between stable dissipative discrete spatiotemporal solitons in two-dimensional photonic lattices. We have identified the outcomes of collisions (i) between identical solitons located in the corner, at the edge, and in the center of the lattice, and (ii) between non-identical solitons [such as collisions between (0 0) and (1 1) corner solitons and between (20 0) and (20 1) edge solitons]. We have shown that the outcomes of the collisions strongly depend on the initial soliton parameters, such as their transverse velocities (the kick parameter), and on the specific value of the nonlinear (cubic) gain parameter. In addition to the wellknown scenarios of soliton fusion and symmetric scattering, we have observed both strongly asymmetric collision outcomes and the generic soliton creation (soliton "birth") collision scenario for intermediate values of the kick parameter and for relatively large values of the nonlinear (cubic) gain parameter. We envisage that the unique collision scenarios described in this work can potentially find applications to nonlinear all-optical switching and routing devices.
